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I m− ya + xa − yc ≥ 0

I

I

a

p

xa ya
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Language-based theory of regions
Definition

I Lp = {ε, 〈a〉, 〈a, b〉, 〈a, c〉, 〈a, b, d〉, 〈a, c, d〉}
a

ya
b

xb

p

c d

I 0− 1 ≥ 0 7

I 0− 1 + 0− 0 ≥ 0 7

I 0− 1 + 0− 0 ≥ 0 7

I

I

a

p

xa ya
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Language-based theory of regions
Definition

I Lp = {ε, 〈a〉, 〈a, b〉, 〈a, c〉, 〈a, b, d〉, 〈a, c, d〉}
a

ya
b

xb

p

c d

I 0− 1 ≥ 0 7

I 0− 1 + 0− 0 ≥ 0 7

I 0− 1 + 0− 0 ≥ 0 7

I m− ya + xa − yb + xb − yd ≥ 0

I

a

p

xa ya
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Language-based theory of regions
Definition

I Lp = {ε, 〈a〉, 〈a, b〉, 〈a, c〉, 〈a, b, d〉, 〈a, c, d〉}
a

ya
b

xb

p

c d

I 0− 1 ≥ 0 7

I 0− 1 + 0− 0 ≥ 0 7

I 0− 1 + 0− 0 ≥ 0 7

I 0− 1 + 0− 0 + 1− 0 ≥ 0 3

I

a

p

xa ya



July 17, 2014 PAGE 59/Department of Mathematics and Computer Science

Language-based theory of regions
Definition

I Lp = {ε, 〈a〉, 〈a, b〉, 〈a, c〉, 〈a, b, d〉, 〈a, c, d〉}
a

ya
b

xb

p

c d

I 0− 1 ≥ 0 7

I 0− 1 + 0− 0 ≥ 0 7

I 0− 1 + 0− 0 ≥ 0 7

I 0− 1 + 0− 0 + 1− 0 ≥ 0 3

I m− ya + xa − yc + xc − yd ≥ 0

a

p

xa ya
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Language-based theory of regions
Definition

I Lp = {ε, 〈a〉, 〈a, b〉, 〈a, c〉, 〈a, b, d〉, 〈a, c, d〉}
a

ya
b

xb

p

c d

I 0− 1 ≥ 0 7

I 0− 1 + 0− 0 ≥ 0 7

I 0− 1 + 0− 0 ≥ 0 7

I 0− 1 + 0− 0 + 1− 0 ≥ 0 3

I 0− 1 + 0− 0 + 0− 0 ≥ 0 7

a

p

xa ya
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Language-based theory of regions
Definition

I Lp = {ε, 〈a〉, 〈a, b〉, 〈a, c〉, 〈a, b, d〉, 〈a, c, d〉}
a

ya
b

xb

p

c d

I

I

I

I

I

a

p

xa ya
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Language-based theory of regions
Definition

I Lp = {ε, 〈a〉, 〈a, b〉, 〈a, c〉, 〈a, b, d〉, 〈a, c, d〉}
a

ya
b

xb

p

c d

I m− ya ≥ 0

I

I

I

I

a

p

xa ya
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Language-based theory of regions
Definition

I Lp = {ε, 〈a〉, 〈a, b〉, 〈a, c〉, 〈a, b, d〉, 〈a, c, d〉}
a

ya
b

xb

p

c d

I 1− 1 ≥ 0 3

I

I

I

I

a

p

xa ya
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Language-based theory of regions
Definition

I Lp = {ε, 〈a〉, 〈a, b〉, 〈a, c〉, 〈a, b, d〉, 〈a, c, d〉}
a

ya
b

xb

p

c d

I 1− 1 ≥ 0 3

I m− ya + xa − yb ≥ 0

I

I

I

a

p

xa ya
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Language-based theory of regions
Definition

I Lp = {ε, 〈a〉, 〈a, b〉, 〈a, c〉, 〈a, b, d〉, 〈a, c, d〉}
a

ya
b

xb

p

c d

I 1− 1 ≥ 0 3

I 1− 1 + 0− 0 ≥ 0 3

I

I

I

a

p

xa ya
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Language-based theory of regions
Definition

I Lp = {ε, 〈a〉, 〈a, b〉, 〈a, c〉, 〈a, b, d〉, 〈a, c, d〉}
a

ya
b

xb

p

c d

I 1− 1 ≥ 0 3

I 1− 1 + 0− 0 ≥ 0 3

I m− ya + xa − yc ≥ 0

I

I

a

p

xa ya
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Language-based theory of regions
Definition

I Lp = {ε, 〈a〉, 〈a, b〉, 〈a, c〉, 〈a, b, d〉, 〈a, c, d〉}
a

ya
b

xb

p

c d

I 1− 1 ≥ 0 3

I 1− 1 + 0− 0 ≥ 0 3

I 1− 1 + 0− 0 ≥ 0 3

I

I

a

p

xa ya
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Language-based theory of regions
Definition

I Lp = {ε, 〈a〉, 〈a, b〉, 〈a, c〉, 〈a, b, d〉, 〈a, c, d〉}
a

ya
b

xb

p

c d

I 1− 1 ≥ 0 3

I 1− 1 + 0− 0 ≥ 0 3

I 1− 1 + 0− 0 ≥ 0 3

I m− ya + xa − yb + xb − yd ≥ 0

I

a

p

xa ya
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Language-based theory of regions
Definition

I Lp = {ε, 〈a〉, 〈a, b〉, 〈a, c〉, 〈a, b, d〉, 〈a, c, d〉}
a

ya
b

xb

p

c d

I 1− 1 ≥ 0 3

I 1− 1 + 0− 0 ≥ 0 3

I 1− 1 + 0− 0 ≥ 0 3

I 1− 1 + 0− 0 + 1− 0 ≥ 0 3

I

a

p

xa ya
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Language-based theory of regions
Definition

I Lp = {ε, 〈a〉, 〈a, b〉, 〈a, c〉, 〈a, b, d〉, 〈a, c, d〉}
a

ya
b

xb

p

c d

I 1− 1 ≥ 0 3

I 1− 1 + 0− 0 ≥ 0 3

I 1− 1 + 0− 0 ≥ 0 3

I 1− 1 + 0− 0 + 1− 0 ≥ 0 3

I m− ya + xa − yc + xc − yd ≥ 0

a

p

xa ya
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Language-based theory of regions
Definition

I Lp = {ε, 〈a〉, 〈a, b〉, 〈a, c〉, 〈a, b, d〉, 〈a, c, d〉}
a

ya
b

xb

p

c d

I 1− 1 ≥ 0 3

I 1− 1 + 0− 0 ≥ 0 3

I 1− 1 + 0− 0 ≥ 0 3

I 1− 1 + 0− 0 + 1− 0 ≥ 0 3

I 1− 1 + 0− 0 + 0− 0 ≥ 0 3

a

p

xa ya
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ILP Miner
Place expressivenes

I Lr = {〈a, b, d〉, 〈a, c, d〉}

I

a

p

xa ya
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ILP Miner
Place expressivenes

I Lr = {〈a, b, d〉, 〈a, c, d〉}

a

b

c

d

I

a

p

xa ya
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ILP Miner
Place expressivenes

I Lr = {〈a, b, d〉, 〈a, c, d〉}

p1

a

b

c

d

I m = 1, ya = 1 3

a

p

xa ya



July 17, 2014 PAGE 76/Department of Mathematics and Computer Science

ILP Miner
Place expressivenes

I Lr = {〈a, b, d〉, 〈a, c, d〉}

p1

a

p2

b

c

d

I m = 0, xa = 1, yb = 1, yc = 1 3

a

p

xa ya
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ILP Miner
Place expressivenes

I Lr = {〈a, b, d〉, 〈a, c, d〉}

p1

a

p2

b

c

p3

d

I m = 0, xb = 1, xc = 1, yd = 1 3

a

p

xa ya
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ILP Miner
Place expressivenes

I Lr = {〈a, b, d〉, 〈a, c, d〉}

p1

a

p2

b

c

p3

d
p4

I m = 0, xd = 1 3

a

p

xa ya
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ILP Miner
Place expressivenes

I Lr = {〈a, b, d〉, 〈a, c, d〉}

a

p

b

c

I m = 0, xa = 1, yb = 1, yc = 1 3

a

p

xa ya
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ILP Miner
Place expressivenes

I Lr = {〈a, b, d〉, 〈a, c, d〉}

a

p

b

c

I m = 0, xa = 1, yb = 1 3

a

p

xa ya
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ILP Miner
Place expressivenes

I Lr = {〈a, b, c, d〉, 〈a, c, b, d〉}

a

p

b

c

I m = 0, xa = 1, yb = 1, yc = 1 ?

I 〈a, b, c〉 → m− ya + xa − yb + xb − yc ≥ 0

I 〈a, b, c〉 → 0− 0 + 1− 1 + 0− 1 ≥ 0

a

p

xa ya
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ILP Miner
Place expressivenes

I Lr = {〈a, b, c, d〉, 〈a, c, b, d〉}

a

p

b

c

I m = 0, xa = 1, yb = 1, yc = 1 ?
I 〈a, b, c〉 → m− ya + xa − yb + xb − yc ≥ 0

I 〈a, b, c〉 → 0− 0 + 1− 1 + 0− 1 ≥ 0

a

p

xa ya
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ILP Miner
Place expressivenes

I Lr = {〈a, b, c, d〉, 〈a, c, b, d〉}

a

p

b

c

I m = 0, xa = 1, yb = 1, yc = 1 ?
I 〈a, b, c〉 → m− ya + xa − yb + xb − yc ≥ 0

I 〈a, b, c〉 → 0− 0 + 1− 1 + 0− 1 ≥ 0

a

p

xa ya
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ILP Miner
Place expressivenes

I Lr = {〈a, b, c, d〉, 〈a, c, b, d〉}

a

p

b

c

I m = 0, xa = 1, yb = 1, yc = 1 ?
I 〈a, b, c〉 → m− ya + xa − yb + xb − yc ≥ 0

I 〈a, b, c〉 → 0− 0 + 1− 1 + 0− 1 ≥ 0 7

a

p

xa ya
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ILP Miner
Place expressivenes

I Lr = {〈a, b, c, d〉, 〈a, c, b, d〉}

a

p

b

c

I m = 0, xa = 1, yb = 1 3

a

p

xa ya
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ILP Miner
Place expressivenes

a b

I vs.

a b

a

p

xa ya
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ILP Miner
Place expressiveness

a b

I vs.

a b

a

p

xa ya
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ILP Miner
Place expressiveness

I Minimize:

a b

I Maximize:

a b

a

p

xa ya
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ILP Miner
ILP Formulation

I M,M ′ are matrices of size |Lp \ {ε}| × |A|

I M(w, l) = −→w (l), M ′(w, l) = −→w ′(l)

I Lp = {ε, 〈a〉, 〈a, b〉, 〈a, c〉, 〈a, b, d〉, 〈a, c, d〉}
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ILP Miner
ILP Formulation

I M,M ′ are matrices of size |Lp \ {ε}| × |A|
I M(w, l) = −→w (l), M ′(w, l) = −→w ′(l)

I Lp = {ε, 〈a〉, 〈a, b〉, 〈a, c〉, 〈a, b, d〉, 〈a, c, d〉}
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ILP Miner
ILP Formulation

I M,M ′ are matrices of size |Lp \ {ε}| × |A|
I M(w, l) = −→w (l), M ′(w, l) = −→w ′(l)

I Lp = {ε, 〈a〉, 〈a, b〉, 〈a, c〉, 〈a, b, d〉, 〈a, c, d〉}
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ILP Miner
ILP Formulation

I M,M ′ are matrices of size |Lp \ {ε}| × |A|
I M(w, l) = −→w (l), M ′(w, l) = −→w ′(l)

I Lp = {ε, 〈a〉, 〈a, b〉, 〈a, c〉, 〈a, b, d〉, 〈a, c, d〉}

M =



a b c d

〈a〉 1 0 0 0
〈a, b〉 1 1 0 0
〈a, c〉 1 0 1 0
〈a, b, d〉 1 1 0 1
〈a, c, d〉 1 1 0 1


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ILP Miner
ILP Formulation

I M,M ′ are matrices of size |Lp \ {ε}| × |A|
I M(w, l) = −→w (l), M ′(w, l) = −→w ′(l)

I Lp = {ε, 〈a〉, 〈a, b〉, 〈a, c〉, 〈a, b, d〉, 〈a, c, d〉}

M ′ =



a b c d

〈a〉 0 0 0 0
〈a, b〉 1 0 0 0
〈a, c〉 1 0 0 0
〈a, b, d〉 1 1 0 0
〈a, c, d〉 1 1 0 0


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ILP Miner
ILP Formulation

I m+
∑

l∈A(
−→
w′(l) · −→x (l)−−→w (l) · −→y (l)) ≥ 0

=

I m · −→1 +M ′ · −→x −M · −→y ≥ −→0
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ILP Miner
ILP Formulation

I m+
∑

l∈A(
−→
w′(l) · −→x (l)−−→w (l) · −→y (l)) ≥ 0

=

I m · −→1 +M ′ · −→x −M · −→y ≥ −→0
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ILP Miner
ILP Formulation

I m+
∑

l∈A(
−→
w′(l) · −→x (l)−−→w (l) · −→y (l)) ≥ 0

=

I m · −→1 +M ′ · −→x −M · −→y ≥ −→0
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ILP Miner
ILP Formulation

I Lp = {ε, 〈a〉, 〈a, b〉, 〈a, c〉, 〈a, b, d〉, 〈a, c, d〉}



m xa xb xc xd ya yb yc yd

〈a〉 1 0 0 0 0 −1 0 0 0 ≥ 0
〈a, b〉 1 1 0 0 0 −1 −1 0 0 ≥ 0
〈a, c〉 1 1 0 0 0 −1 0 −1 0 ≥ 0
〈a, b, d〉 1 1 1 0 0 −1 −1 0 −1 ≥ 0
〈a, c, d〉 1 1 0 1 0 −1 0 −1 −1 ≥ 0


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ILP Miner
ILP Formulation

a

p

b

c

a

p

b

c



July 17, 2014 PAGE 99/Department of Mathematics and Computer Science

ILP Miner
ILP Formulation

I Lr = {〈a, b, d〉, 〈a, c, d〉}
I Lp = {ε, 〈a〉, 〈a, b〉, 〈a, c〉, 〈a, b, d〉, 〈a, c, d〉}

I count(a ∈ Lp) = count(b ∈ Lp) + count(c ∈ Lp) + 1
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ILP Miner
ILP Formulation

I Lr = {〈a, b, d〉, 〈a, c, d〉}
I Lp = {ε, 〈a〉, 〈a, b〉, 〈a, c〉, 〈a, b, d〉, 〈a, c, d〉}
I count(a ∈ Lp) = count(b ∈ Lp) + count(c ∈ Lp) + 1
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ILP Miner
ILP formulation

Minimize m+
−→
1 T · (m · −→1 +M · (−→x −−→y )) Minimal and most expressive regions

such that m · −→1 +M ′ · −→x −M · −→y ≥ −→0 Theory of regions
−→
1 T · −→x +

−→
1 T · −→y ≥ 1 Avoid trivial minimal region (0,

−→
0 ,
−→
0 )

−→
0 ≤ −→x ≤ −→1 −→x ∈ {0, 1}A

−→
0 ≤ −→y ≤ −→1 −→y ∈ {0, 1}A

0 ≤ m ≤ 1 m ∈ {0, 1}
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ILP Miner
ILP formulation

I Lp = {ε, 〈a〉, 〈a, b〉, 〈a, c〉, 〈a, b, d〉, 〈a, c, d〉}



m xa xb xc xd ya yb yc yd

min : 6 5 2 2 2 −5 −2 −2 −2
〈a〉 1 0 0 0 0 −1 0 0 0 ≥ 0
〈a, b〉 1 1 0 0 0 −1 −1 0 0 ≥ 0
〈a, c〉 1 1 0 0 0 −1 0 −1 0 ≥ 0
〈a, b, d〉 1 1 1 0 0 −1 −1 0 −1 ≥ 0
〈a, c, d〉 1 1 0 1 0 −1 0 −1 −1 ≥ 0

¬(0,−→0 ,−→0 ) 0 1 1 1 1 1 1 1 1 ≥ 1


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ILP Miner
ILP formulation

I Lp = {ε, 〈a〉, 〈a, b〉, 〈a, c〉, 〈a, b, d〉, 〈a, c, d〉}
I a→ b



m xa xb xc xd ya yb yc yd

min : 6 5 2 2 2 −5 −2 −2 −2
〈a〉 1 0 0 0 0 −1 0 0 0 ≥ 0
〈a, b〉 1 1 0 0 0 −1 −1 0 0 ≥ 0
〈a, c〉 1 1 0 0 0 −1 0 −1 0 ≥ 0
〈a, b, d〉 1 1 1 0 0 −1 −1 0 −1 ≥ 0
〈a, c, d〉 1 1 0 1 0 −1 0 −1 −1 ≥ 0

¬(0,−→0 ,−→0 ) 0 1 1 1 1 1 1 1 1 ≥ 1
a→ b 0 1 0 0 0 0 1 0 0 = 2


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Outline
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Challenges
Performance

I 2 · |A|+ 1 variables
I ±|Lp| constraints
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Challenges
Performance

I 2 · |A|+ 1 variables

I ±|Lp| constraints
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Challenges
Performance

I 2 · |A|+ 1 variables
I ±|Lp| constraints
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Challenges
Noise
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Challenges
Approach
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Challenges
Approach
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Challenges
Approach
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Questions & Discussions
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